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In this paper, we study two classes of primitive digraphs, and show
that there are k-colorings that are k-primitive.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let D is a digraph, possibly with loops. D is primitive if there is some integer r such that for any pair
of vertices u, v of D, there is a walk from u to v of length r. It is well-known (see [1], for example) that D
is primitive if and only if it is strongly connected and the greatest common divisor of its cycle lengths
is 1.
Let c1, c2, . . . , ck be k distinct colors. A k-coloring of D is a k-tuple of spanning subgraphs (D1, . . . ,Dk)
such that the subgraphs D1, . . . ,Dk partition the arcs of D into k (nonempty) subsets. We think of each
Di as containing the arcs given color ci in the digraph D. We say that the k-coloring (D1, . . . ,Dk) is
k-primitive if there is a k-tuple of positive integers (r1, r2, . . . , rk) such that for any pair of vertices u, v
of D, there is a walk from u to v having exactly ri arcs of color ci for each i = 1, . . . , k.
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Let {C1, . . . ,Cl} be the set of cycles of D, and (D1, . . . ,Dk) be a k-coloring of D. Set M = (mij) to be
the k × l matrix, wheremij denotes the number of arcs on cycle Cj having color ci. We callM the cycle
matrix of the k-coloring (D1, . . . ,Dk). The following result, found in [2], shows how M can be used to
determine whether or not the k-coloring is k-primitive.
Theorem 1.1 [2]. Let D be a strongly connected digraph, and suppose that (D1, . . . ,Dk) is a k-coloring of D.
Then (D1, . . . ,Dk) is k-primitive if and only if the k × k minors of M are relatively prime.
It is clear that if there is a k-coloring of D that is k-primitive, then D itself must be a primitive
digraph, and D has at least k cycles. In this paper we deal with the following natural question: Given a
primitive digraph D, under what circumstances is there a k-coloring of D that is k-primitive?
In [3], the authors proved that for any primitive digraph D, there is a 2-coloring of D that is 2-
primitive, and for each k  4, there are primitive digraphs having k cycles for which no k-coloring is
k-primitive.
In this paper, we study two classes of primitive digraphs, and show that there are k-colorings that
are k-primitive.
2. Preliminaries
Lemma 2.1 [3,4]. Let l1 and l2 be two distinct positive integers, and gcd(l1, l2) = 1. Then there exist






l1 − a l2 − b
∣∣∣∣ = ±1.
Theorem 2.2. Let m 2, l1, l2, . . . , lm be m positive integers, and gcd(l1, l2, . . . , lm) = 1. Then there exist
nonnegative integers aij, i = 1, 2, . . . ,m − 1 and j = 1, 2, . . . ,m, such that
∑m−1
i=1 aij  lj for j = 1, 2, . . . ,m,
and
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am−1,1 am−1,2 · · · am−1,m














am−1,1 am−1,2 · · · am−1,m
l1 −
∑m−1
i=1 ai1 l2 −
∑m−1





Proof. We prove the theorem by induction onm. Form = 2, the theorem holds by Lemma 2.1. Assume
that the result holds form = n − 1 where n 3, and letm = n. We consider the following two cases.
Case 1. gcd(l1, l2, . . . , ln−1) = 1.
By the inductiveassumption, thereexistnonnegative integersbij , i = 1, 2, . . . ,n − 2and j = 1, 2, . . . ,n −
1, such that
∑n−2
i=1 bij  lj for j = 1, 2, . . . ,n − 1, and∣∣∣∣∣∣∣∣∣










bn−2,1 bn−2,2 · · · bn−2,n−1
l1 l2 · · · ln−1
∣∣∣∣∣∣∣∣∣
= ±1.
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So ∣∣∣∣∣∣∣∣∣∣∣∣
0 0 · · · 0 1













bn−2,1 bn−2,2 · · · bn−2,n−1 0
l1 l2 · · · ln−1 ln
∣∣∣∣∣∣∣∣∣∣∣∣
= ±1,
and the theorem holds.
Case 2. gcd(l1, l2, . . . , ln−1) = g  2.
Let li = gpi for i = 1, . . . ,n − 1. Then gcd(p1, p2, . . . , pn−1) = 1 and gcd(g, ln) = 1. By the inductive
assumptionwith p1, p2, . . . , pn−1, there exist nonnegative integers bij , i = 1, 2, . . . ,n − 2 and j = 1, 2, . . . ,
n − 1, such that∑n−2i=1 bij  pj for j = 1, 2, . . . ,n − 1, and∣∣∣∣∣∣∣∣∣










bn−2,1 bn−2,2 · · · bn−2,n−1
p1 p2 · · · pn−1
∣∣∣∣∣∣∣∣∣
= ±1.





Since g  2, we have a < g. Consider the determinant
P =
∣∣∣∣∣∣∣∣∣∣∣∣
ap1 ap2 · · · apn−1 b













bn−2,1 bn−2,2 · · · bn−2,n−1 0
l1 l2 · · · ln−1 ln
∣∣∣∣∣∣∣∣∣∣∣∣
.
It is easy to see that
P = (−1)n+1b
∣∣∣∣∣∣∣∣∣∣
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p1 p2 · · · pn−1
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= (−1)n(aln − bg)
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bn−2,1 bn−2,2 · · · bn−2,n−1
p1 p2 · · · pn−1
∣∣∣∣∣∣∣∣∣∣
= ±1.
Note that, for j = 1, 2, . . .n − 1,
apj + b1j + b2j + · · · + bn−2,j  apj + pj = (a + 1)pj  gpj = lj.
The theorem follows. 
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Corollary 2.3. Let m 2, and l1, l2, . . . , lm be m positive integers. Then there exist nonnegative integers





for j = 1, 2, . . . ,m, and
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i=1 ai1 l2 −
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= ± gcd(l1, l2, . . . , lm).
Lemma 2.4 [3]. If D is a primitive digraph, then there is a 2-coloring of D that is 2-primitive.
3. Main results
Theorem 3.1. Let D be a primitive symmetric digraph of order n. Then for any positive integer k  n, there
is a k-coloring of D that is k-primitive.
Proof. Since D is primitive, D has at least one odd cycle, say C = v1v2 · · · vlv1 with length l = 2m + 1.
Let c1, c2, . . . , ck be k distinct colors. We now color D by colors c1, c2, . . . , ck .
Case 1. l = 1.
Then C is a loop. Let C1, . . . ,Ck−1 be distinct 2-cycles of D.
We give the loop C color ck , and two arcs of Cj colors cj and cj+1, respectively, for j = 1, . . . , k − 1, and
color the remaining arcs ofD arbitrarilywith colors c1, c2, . . . , ck . Thus the cyclematrix of the k-coloring






























. . . 1 0




It is easy to see that |B| = 1 /= 0. By Theorem 1.1, the k-coloring of D is k-primitive.
In the following cases let C1 = C, and Cr be the 2-cycle vr−1vrvr−1, r = 2, . . . , l.
Case 2. 3 l < k.
Let Cl+1, . . . ,Ck−1 be distinct 2-cycles of D in which each arc of Cj is not in C for j = l + 1, . . . , k − 1.
Wegive thearcei = vivi+1 color ci for i = 1, 2, . . . , l − 1, thearce−i = vi+1vi color ci+1 for i = 1, 2, . . . , l −
1, the arc el = vlv1 color cl , the arc e−l = v1vl color cl+1, and two arcs of Cj colors cj and cj+1, respectively,
for j = l + 1, . . . , k − 1, and color the remaining arcs of D arbitrarily with colors c1, c2, . . . , ck . Thus the
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where the ﬁrst column has l 1s. Consider the determinant |B|. By adding −1 times of the (2j + 1)th
column to the ﬁrst column, j = 1, 2, . . . ,m, respectively, we have
|B| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
















. . . 1
0 · · · · · · 0 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1.
By Theorem 1.1, the k-coloring of D is k-primitive.
Case 3. l = k  3 (is odd).
We give the arc ei = vivi+1 color ci for i = 1, 2, . . . , l − 1, the arc el = vlv1 color c1, and the arc
e−
i
= vi+1vi color ci+1 for i = 1, 2, . . . , l − 1, and color the remaining arcs of D arbitrarily with colors
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It is easy to see that |B| = 1 /= 0. By Theorem 1.1, the k-coloring of D is k-primitive.
Case 4. l  3 and l > k.
If k is odd, taking p = l−k
2
+ 1, we give the arc ei = vivi+1 color ci for i = 1, 2, . . . , k − 1, the arc
ei = vivi+1 color c1 for i = k, k + 1, . . . , k + p − 1, the arc ei = vivi+1 color c2 for i = k + p, . . . , l, and the
arc e−
i
= vi+1vi color ci+1 for i = 1, 2, . . . , k − 1, and color the remaining arcs ofD arbitrarily with colors
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It is easy to see that |B| = 1 /= 0. By Theorem 1.1, the k-coloring of D is k-primitive.
If k is even, taking p = l−k+12 , we give the arc ei = vivi+1 color ci for i = 1, 2, . . . , k, the arc ei = vivi+1
color c1 for i = k + 1, . . . , k + p, the arc ei = vivi+1 color c2 for i = k + p + 1, . . . , l, and the arc e−i = vi+1vi
color ci+1 for i = 1, 2, . . . , k − 1, and color the remaining arcs of D arbitrarily with colors c1, c2, . . . , ck .
Thus the cycle matrix of the k-coloring of D has a k × k submatrix
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It is easy to see that |B| = 1 /= 0. By Theorem 1.1, the k-coloring of D is k-primitive.
The theorem follows. 
Theorem 3.2. Let D be a primitive digraph. If there exist cycles C1,C2, . . . ,Ck such that Ci and Cj have no
common arc for each pair (i, j) with 1 i < j  k, then there is a k-coloring of D that is k-primitive.
Proof. Let the length of Ci be li for i = 1, 2, . . . , k. If k = 2 or gcd(l1, l2, . . . , lk) = 1, the theorem
holds by Lemma 2.4 or Theorems 1.1 and 2.2. We now assume that k  3 and gcd(l1, l2, . . . , lk) = g 
2. Since D is primitive, the greatest common divisor of its cycle lengths is 1. We can assume that
{C1, . . . ,Ck ,Ck+1, . . . ,Cs} is the set of cycles of D, s > k, and the length of Ci is li for i = k + 1, . . . , s, such
that gcd(l1, . . . , lk , lk+1, . . . , ls) = 1.
Applying Corollary 2.3 to C1,C2, . . . ,Ck , there exist nonnegative integers aij , i = 1, 2, . . . , k − 1 and
j = 1, 2, . . . , k, such that∑k−1i=1 aij 
lj
g for j = 1, 2, . . . , k, and
Q =
∣∣∣∣∣∣∣∣∣










ak−1,1 ak−1,2 · · · ak−1,k














ak−1,1 ak−1,2 · · · ak−1,k
l1 −
∑k−1
i=1 ai1 l2 −
∑k−1





We color the arcs of cycle Cj such that aij arcs of Cj have color ci for i = 1, 2, . . . k − 1, and lj − a1j − a2j −
· · · − ak−1,j arcs of Cj have color ck , for j = 1, 2, . . . k, and color the remaining arcs of D arbitrarily with




















ak−1,1 ak−1,2 · · · ak−1,k ak−1,k+1 · · · ak−1,s
l1 −
∑k−1
i=1 ai1 l2 −
∑k−1
i=1 ai2 · · · lk −
∑k−1
i=1 aik lk+1 −
∑k−1






where aij denotes the number of arcs on cycle Cj having color ci for i = 1, 2, . . . , k − 1 and j = k + 1, . . . , s.
Denote di = detM1[1, 2, . . . , k − 1|1, . . . , i − 1, i + 1, . . . , k] for i = 1, 2, . . . , k. We claim that
gcd(d1, d2, . . . , dk)=1.Otherwise, assumethatgcd(d1, d2, . . . , dk) = d  2.NoticingQ =
∑k
i=1(−1)k+ilidi,
we have gd|Q from gcd(d1, d2, . . . , dk) = d and gcd(l1, l2, . . . , lk) = g, contradicting that Q = ±g.
Let the greatest common divisor of the collection of k × k minors of M1 be z, and p be a prime
divisor of z. Then p|g, and so p|li for i = 1, 2, . . . , k. Since gcd(d1, d2, . . . , dk) = 1, there is 1 m k such
that pdm. For j = k + 1, . . . , s, consider determinant zmj = detM[1, 2, . . . , k|1, . . . ,m − 1,m + 1, . . . , k, j].
Clearly, p|zmj . Since p|li for i = 1, 2, . . . , k, pdm, and
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zmj =
∣∣∣∣∣∣∣∣∣∣∣
a11 · · · a1,m−1 a1,m+1 · · · a1k a1j
.
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ak−1,1 · · · ak−1,m−1 ak−1,m+1 · · · ak−1,k ak−1,j
l1 −
∑k−1
i=1 ai1 · · · lm−1 −
∑k−1
i=1 ai,m−1 lm+1 −
∑k−1
i=1 ai,m+1 · · · lk −
∑k−1






a11 · · · a1,m−1 a1,m+1 · · · a1k a1j
.
.













ak−1,1 · · · ak−1,m−1 ak−1,m+1 · · · ak−1,k ak−1,j
l1 · · · lm−1 lm+1 · · · lk lj
∣∣∣∣∣∣∣∣∣∣
,
we have p|lj . Thus p|gcd(l1, l2, . . . , ls), and so p = 1 and z = 1. By Theorem 1.1, we see that the k-coloring
of D is k-primitive. The theorem follows. 
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